Abstract. In this paper, we characterize local exponential monomials and polynomials on different types of Abelian groups and we prove Montel-type theorems for these function classes.
Notation and preliminaries
In this paper, N, Z, R, C denote the set of natural numbers, integers, reals, and complex numbers, respectively. We note that 0 is in N. We use the following standard multi-index notation: for each natural number d the elements of N d are called multi-indices. Whenever α, β are multi-indices, and x is in C d , then we write |α| " α 1`α2`¨¨¨`αd α β " α
We use the convention 0 0 " 1. We note that the last equation extends to α in Z d assuming x is in C d 0 , where C 0 denotes the set of nonzero complex numbers.
The function f : C d Ñ C is called an exponential, if it is a continuous homomorphism of the additive group of C n into the multiplicative group of nonzero complex numbers. The function f : C d Ñ C is called an exponential monomial, if it is the product of an exponential and a polynomial. Linear combinations of exponential monomials are called exponential polynomials. Hence, the general form of exponential polynomials on C is the following: for each z in C d , we have
where N is a nonnegative integer, a α is a complex number for each |α| ≤ N , further λ is in C d , and xλ, zy is the inner product in C d . In particular, the restrictions of exponential polynomials to Z d can be written in the form f pnq " ÿ |α|≤N a α n α λ n for each n in Z d , where λ is in C d 0 . These concepts have natural extensions to any topological Abelian group in place of C d . On any topological Abelian group G we use the term exponential for a continuous complex homomorphism of G into the multiplicative topological group of nonzero complex numbers. However, the concept of "polynomial" can be generalized in several different ways. One depends on the concept of additive function, which is a continuous homomorphism of G into the additive topological group of complex numbers. A polynomial on G is a function having the form x Þ Ñ P`a 1 pxq, a 2 pxq, . . . , a k pxq˘, where P : C k Ñ C is a complex polynomial in k variables, which we shall call in this paper an ordinary polynomial, and a 1 , a 2 , . . . , a k are additive functions. Finally, we call a function an exponential monomial, if it is the product of a polynomial and an exponential. In this case, if the polynomial is nonzero, then the exponential is unique, and we say that f corresponds to the exponential in question.
The other concept of polynomial is related to Fréchet's functional equation
where n is a natural number, x, y 1 , y 2 , . . . , y n`1 are in G, and ∆ y stands for the difference operator defined by
for each x, y in G and function f : G Ñ C, further ∆ y 1 ,y 2 ,...,y n`1 denotes the product ∆ y 1 ,y 2 ,...,y n`1 " ∆ y 1˝∆ y 2˝¨¨¨˝∆ y n`1 .
Sometimes the functional equation
where n is a natural number, x, y are in G, is also called Fréchet's equation. Here ∆ n`1 y denotes the n`1-th iterate of ∆ y . It turns out that (1) and (2) are equivalent for complex valued functions on any Abelian group, as it has been proved in [4] (see also [8] ).
The function f : G Ñ C is called a generalized polynomial, if it satisfies (1) for each x, y 1 , y 2 , . . . , y n`1 in G, and it is called a generalized exponential monomial, if it is the product of a generalized polynomial and an exponential. Here the exponential is unique again, assuming that the generalized polynomial is nonzero. We use the same terminology as above, that is, linear combinations of exponential monomials, resp. generalized exponential monomials are called exponential polynomials, resp. generalized exponential polynomials. It is known that on finitely generated Abelian groups every generalized polynomial is a polynomial (see e.g. [10, 12] ). It follows that on finitely generated Abelian groups every generalized exponential polynomial is an exponential polynomial. A function is called a local polynomial, a local exponential monomial, or a local exponential polynomial, if its restriction to every finitely generated subgroup is a polynomial, an exponential monomial, or an exponential polynomial, respectively.
Given a topological Abelian group G, the set of all continuous complex valued functions on G will be denoted by CpGq. This space, equipped with the pointwise linear operations and with the topology of uniform convergence on compact sets, is a locally convex topological vector space. If G is discrete, then the corresponding topology is that of pointwise convergence. A subset of CpGq is called translation invariant, if with every element f in this subset it also contains its translate τ y f for each y in G, where τ y f pxq " f px`yq for each x, y in G. A closed translation invariant subspace in CpGq is called a variety on G.
A basic result on varieties on G " Z d is the following (see [5] Another important contribution to the subject is the theorem of P. M. Anselone and J. Korevaar in [3] . For the characterization of exponential monomials we use modified difference operators as they have been introduced in [14] (see also [6, 7, 13] ). The definition follows.
Let G be an Abelian group and let f, ϕ : G Ñ C be functions. For each x, y in G we define ∆ ϕ;y f pxq " f px`yq´ϕpyqf pxq "`τ y´ϕ pyqτ 0˘f pxq .
Then ∆ ϕ;y is called ϕ-modified difference operator or simply modified difference operator. The higher order modified difference operators are defined in an obvious way, as the products
whenever n is a natural number and y 1 , y 2 , . . . , y n`1 are arbitrary in G. In case of y " y 1 , y 2 , . . . , y n`1 we use the notation ∆ n`1 ϕ;y for the above product. We note that the translation operators τ y obviously commute, hence in this notation the increments y 1 , y 2 , . . . , y n`1 can arbitrarily be reordered.
Modified difference operators can be used to characterize generalized exponential monomials and polynomials. For the details see [7, 13, 14] . Here we need the following simple result.
Theorem 4. Let G be an Abelian group, n a natural number and let f, ϕ : G Ñ C be functions. If f is nonzero, and it satisfies
for each x, y 1 , y 2 , . . . , y n`1 in G, then ϕ is an exponential and f is a generalized exponential monomial corresponding to ϕ.
Proof. We prove by induction on n. The case n " 0 has been proved in [14] . Suppose that n ≥ 1 and f ‰ 0 satisfies the above equation for each x, y 1 , y 2 , . . . , y n`1 in G. If there exist elements y 1 , y 2 , . . . , y n in G such that the function g " ∆ ϕ;y 1 ,y 2 ,...,yn f is nonzero, then ∆ ϕ;y gpxq " 0 for each x, y in G, which implies that ϕ is an exponential, by the first part of the proof. On the other hand, if g is identically zero for every choice of y 1 , y 2 , . . . , y n in G, then ϕ is an exponential, by the induction hypothesis.
For the second statement we observe that (4) ∆ ϕ;y 1 ,y 2 ,...,y n`1 f pxq " ϕpx`y 1`y2`¨¨¨`yn`1 q∆ y 1 ,y 2 ,...,y n`1`f¨q ϕqpxq holds for each x, y 1 , y 2 , . . . , y n`1 in G, which can be verified by easy calculation. Here q ϕ is defined by q ϕpxq " ϕp´xq for each x in G. Equation (4) implies that (3) holds if and only if the function f¨q ϕ satisfies Fréchet's functional equation (1) , that is, f " p¨ϕ with some generalized polynomial p.
A characterization of local exponential monomials
In this section, we prove a characterization theorem for local exponential monomials, which is based on the following theorem (see [2, Theorem 2]):
Theorem 5. Let G be an Abelian group. The function f : G Ñ C is a local polynomial if and only if for each positive integer t, and elements g 1 , g 2 , . . . , g t in G there are natural numbers n i for i " 1, 2, . . . , t such that
holds for i " 1, 2, . . . , t and for all x in the subgroup generated by g 1 , g 2 , . . . , g t .
Using this theorem we have the following result.
Theorem 6. Let G be an Abelian group. The function f : G Ñ C is a local exponential monomial if and only if there exists an exponential m on G, and for each positive integer t, and elements g 1 , g 2 , . . . , g t in G there are natural numbers n i for i " 1, 2, . . . , t such that
m;g i f pxq " 0 holds for i " 1, 2, . . . , t and for all x in the subgroup generated by g 1 , g 2 , . . . , g t .
Proof. To prove the sufficiency we apply the identity (4), which implies that for each positive integer t, and elements g 1 , g 2 , . . . , g t in G there are natural numbers n i for i " 1, 2, . . . , t such that (7) ∆ n i`1 g i`f¨q m˘pxq " 0 holds for i " 1, 2, . . . , t, and for all x in the subgroup generated by g 1 , g 2 , . . . , g t . Indeed, exponentials never vanish, hence from (4) we immediately obtain (7). Applying Theorem 5, we get that f¨q m is a local polynomial, which implies our statement.
For the proof of necessity, we observe that if f is a nonzero local exponential monomial on G, then for each finitely generated subgroup H there exists an exponential m H on H and a natural number n H such that ∆ n H`1 m H ;h f pxq " 0 holds for each x, h in H. As f is nonzero, there exists a finitely generated subgroup H 0 such that the restriction of f to H 0 is nonzero. Let F denote the set of all finitely generated subgroups of G, which include H 0 . Clearly, Ť F " G. We define m : G Ñ C by mpxq " m H pxq , whenever x is in H with H in F. It is obvious that m is well-defined on G. If x, y are in G, then there is an H in F such that x, y are in H, and we have
that is, m is an exponential on G. We have proved that if f is a local exponential monomial on G, then there exists an exponential m on G, and for each finitely generated subgroup H there exists a natural number n H such that ∆ n H`1 m;h f pxq " 0 holds for each x, h in H, which proves the necessity of our condition and our proof is complete.
In [2] we also proved the following result.
Theorem 7. Let t be a positive integer, let h 1 , h 2 , . . . , h t be elements in R d and let n 1 , n 2 , . . . , n t be natural numbers. Suppose that the complex valued distribution u satisfies
. . , h t generate a dense subgroup in R d , then f is an ordinary polynomial of degree at most n 1`n2`¨¨¨`nt`t´1 . In particular, generalized polynomials and local polynomials in distributional sense are ordinary polynomials.
Using this theorem, we obtain the following result exactly in the same way as above.
Theorem 8. Let u be a complex valued distribution on R d and t a positive integer. If there exists an exponential m on R d , and there are elements g 1 , g 2 , . . . , g t generating a dense subgroup in R d , further there are natural numbers n i for i " 1, 2, . . . , t such that
m;g i upxq " 0 holds for i " 1, 2, . . . , t and for all x in the subgroup generated by g 1 , g 2 , . . . , g t , then u is an exponential monomial.
We recall that if f : R d Ñ C is a function, then τ h is defined by τ h f pxq " f px`hq , and if u is a complex valued distribution on R d , then pτ h uqpφq " upτ´hφq , where x, h are in R d and φ is an arbitrary test function. Then τ h u is again a distribution. Consequently, we have
for each distribution u, function ϕ : R d Ñ C and element h in R d . Then the meaning of ∆ ϕ;h 1 ,h 2 ,...,hs u is obvious, too. Finally, when we claim that the distribution u is an exponential polynomial, we mean that there exists an exponential polynomial f : R d Ñ C such that u " f in distributional sense. In particular, u is a locally integrable function and upxq " f pxq almost everywhere.
We summarize our results in the following corollary.
Corollary 9. We suppose that t is a positive integer, and either of the following possibilities holds:
(1) G is a finitely generated Abelian group with generators h 1 , . . . , h t , and f : G Ñ C is a function. (2) G is a topological Abelian group, in which the elements h 1 , . . . , h t generate a dense subgroup in G, and f : G Ñ C is a continuous function. (3) G " R d , the elements h 1 , . . . , h t generate a dense subgroup, and f is a complex valued distribution on R d .
If there are natural numbers n 1 , n 2 , . . . , n t , and there is an exponential m :
for k " 1, 2, . . . , t, then f is an exponential monomial corresponding to the exponential function m.
Proof. Case p1q follows directly from Theorem 6. Case p2q follows from Theorem 6 and Case p3q is Theorem 8.
3. Subspaces which are ∆ s m;y -invariant A weak point in Corollary 9 is that we have to assume that m is an exponential. In the subsequent sections we shall weaken this hypothesis.
Lemma 10. Given a vector space V of complex valued functions on G, and a function ϕ : G Ñ C, the following statements are equivalent:
Consequently, if y 1 ,¨¨¨, y t generate G, and ∆ ϕ;y k pV q Ď V for k " 1,¨¨¨, t, then V is translation invariant. Analogously, if G is a topological Abelian group, y 1 ,¨¨¨, y t generate a dense subgroup of G and V Ď CpG, Cq satisfies ∆ ϕ;y k pV q Ď V for k " 1,¨¨¨, t, then V is invariant by translations. In particular, if V is finite dimensional, then all its elements are exponential polynomials.
Proof. Indeed, if f belongs to V , then the function g defined by gpxq " ∆ ϕ;y f pxq " f px`yq´ϕpyqf pxq belongs to V if and only if hpxq " τ y f pxq " f px`yq is in V , since V is a vector space.
Obviously, Lemma 10 has an analogous version for the distributional setting.
Lemma 11. Given a vector space V of complex valued distributions on R d , and a function ϕ : G Ñ C the following statements are equivalent:
Consequently, if y 1 ,¨¨¨, y t generate R d and ∆ ϕ;y k pV q Ď V for k " 1,¨¨¨, t, then V is translation invariant. In particular, if V is finite dimensional, then all its elements are exponential polynomials.
Proof. For the first part of this result the proof of Lemma 10 applies. The last statement is Anselone-Koreevar's Theorem 3.
Given a vector space E, a subset V Ď E, a linear operator L : E Ñ E, and a natural number n we introduce the notation
As L 0 is the identity operator, we have V Lemma 12. Let E be a vector space, L : E Ñ E a linear operator, and let n be a positive integer. If V is an L n -invariant subspace of E,
and the right hand side is clearly in V rns L . This proves that V rns L is L-invariant. On the other hand, if W is an L-invariant subspace of E, which contains V , then L k pV q Ď W for k " 1, 2, . . . , n, hence the right hand side of (10) is in W . Now we can prove the following result, which generalizes [1, Lemma 2.2]:
Lemma 13. Let t be a positive integer, E a vector space, L 1 , L 2 ,¨¨¨, L t : E Ñ E pairwise commuting linear operators, and let s 1 ,¨¨¨, s t be natural numbers. Given a subspace V Ď E we form the sequence of subspaces
Proof. First, we prove by induction on i that V i is L s j j -invariant and it contains V for each i " 0, 1, . . . , t and j " 1, 2, . . . , t. For i " 0 we have V 0 " V , which is L s j j -invariant for j " 1, 2, . . . , t, by assumption. Suppose that i ≥ 1, and we have proved the statement for V i´1 . Now we prove it for V i . If v is in V i , then we have
Here we used the commuting property of the given operators, which obviously holds for their powers, too. By the induction hypothesis, the elements in the brackets on the right hand side belong to
, we also conclude that V is in V i , and our statement is proved. Now we have
t pV t´1 q , and we apply the previous lemma: as V t´1 is L st t -invariant, we have that V t is L t -invariant.
Let us now prove the invariance of V t under the operators L j (j ă t). Since V 1 is clearly L 1 -invariant, by Lemma 12, an induction process gives that
which completes this part of the proof.
Suppose that W is a subspace in E such that V Ď W , and W is L jinvariant for j " 1, 2, . . . , t. Then, obviously, all the subspaces V i for i " 1, 2, . . . , t are included in W . In particular, V t is included in W . This proves that V t is the smallest subspace in E, which includes V , and which is invariant with respect to the family of operators L i . Consequently, it follows that V t is uniquely determined by V , and by the family of the operators L i , no matter how we label these operators. Theorem 14. We suppose that t is a positive integer, and either of the following possibilities holds:
(1) G is a finitely generated Abelian group with generators h 1 , . . . , h t , and V is a finite dimensional vector space of complex valued functions on G. (2) G is a topological Abelian group, in which the elements h 1 , . . . , h t generate a dense subgroup, and V is a finite dimensional vector space of continuous complex valued functions on G. (3) G " R d , the elements h 1 , . . . , h t generate a dense subgroup in G, and V is a finite dimensional vector space of complex valued distributions on R d .
If there are natural numbers n 1 , n 2 , . . . , n t , and there is a function ϕ : G Ñ C such that ∆ n k`1 ϕ;h k pV q Ď V holds for k " 1, 2, . . . , t, then V is included in a finite dimensional translation invariant linear space. In particular, V consists of exponential polynomials.
Proof. We apply Lemma 13 with L i " ∆ ϕ;h i : E Ñ E, i " 1,¨¨¨, t, to conclude that, with the notation W " V t , we have V Ď W , and W is a finite dimensional subspace satisfying ∆ ϕ;h i pW q Ď W , i " 1, 2,¨¨¨, t. The hypotheses on th 1 ,¨¨¨, h t u and Lemmas 10, 11 imply that W is translation invariant. Theorems 1, 2, and 3 guarantee that W consists of exponential polynomials. In particular, V consists of exponential polynomials, too.
A Montel-type theorem for exponential monomials
Theorem 15. We suppose that t is a positive integer, and either of the following possibilities holds:
(1) G is a finitely generated Abelian group with generators h 1 , . . . , h t , and f : G Ñ C is a nonzero function. (2) G is a topological Abelian group, in which the elements h 1 , . . . , h t generate a dense subgroup, and f : G Ñ C is a nonzero continuous function.
. . , h t generate a dense subgroup in G, and f is a nonzero complex valued distribution on R d .
If there are natural numbers n 1 , n 2 , . . . , n t , and there is a function ϕ : G Ñ C such that ∆ n k`1 ϕ;h k f " 0, k " 1, . . . , t, then f is an exponential monomial. Furthermore, if e : G Ñ C is the exponential function associated to f , then ϕph i q " eph i q, i " 1,¨¨¨, t. Consequently, if ∆ n`1 ϕ;y f pxq " 0 for all x, y in G, then ϕ " e. Proof. Let us prove p1q. The other cases are direct consequences of this one. It follows from Theorem 14 that f is an exponential polynomial:
where e 1 ,¨¨¨, e s : G Ñ C are exponentials with e i ‰ e j whenever i ‰ j, further p 1 ,¨¨¨, p s : G Ñ C are polynomials, of degrees k 1 , k 2 ,¨¨¨, k s , respectively. We can assume, with no loss of generality, that k i ≥ n i for all i and p i pxq " where apxq " pa 1 pxq, a 2 pxq,¨¨¨, a d pxqq, and the functions a 1 ,¨¨¨, a d : G Ñ C are additive and linearly independent, further c i,α is a complex number for each multi-index α P N d . Under such conditions it is known (see [9] , Lemma 4.8, p. 44) that the functions in the set (13) B " ta α e k , 0 ≤ |α| ≤ k i and i " 1, 2,¨¨¨, su are linearly independent, hence they form a basis of the generated vector space, which we denote by E " span B. Furthermore, f is in E, by construction. We consider the linear map ∆ ϕ;h : E Ñ E induced by the operator ∆ ϕ;h , when restricted to E. Obviously, E " E 1 ' E 2 '¨¨¨' E s , where E j " span ta α e i u 0≤|α|≤k i , j " 1, 2,¨¨¨, s.
Furthermore, ∆ ϕ;h pE j q Ď E j for j " 1, 2,¨¨¨, s, since q α,h pxq " ∆ h apxq α " papxq`aphqq α´a pxq α is a polynomial of degree at most |α|´1, and ∆ ϕ;h papxq α e k pxqq " ppapxq`aphqq α e k phq´mphqapxq α qe k pxq " papxq α pe k phq´mphqq`q α,h pxqe k phqqe k pxq.
It follows that for each h in G and p ≥ 1, the operator ∆ p ϕ;h also satisfies the relation ∆ p ϕ;h pE j q Ď E j whenever j " 1, 2,¨¨¨, s, hence if g is in E, then
